Summary. The assumption of corotation implicit in all previous modelling of phase-locked polarization variations from close binaries, is relaxed and the simple case of a localized scattering region in an eccentric orbit about a point light source is developed. We find that where previously only second harmonic variations of polarization were present (when the scattering geometry is symmetric about the orbital plane of the system) first and third harmonics are added when the eccentricity e ^ 0. We show that erroneous model parameter values (such as the orbital inclination) can occur if a circular orbit model is assumed when analysing the data from an eccentric orbit binary. Extension of the equations to fitting of noisy data is briefly discussed and for illustration is applied to the polarimetric data for Cygnus X-l. We find that the polarimetric variations (at harmonics other than second) observed in Cygnus X-l cannot be caused solely by any orbital eccentricity but could contain a contribution due to it.
Introduction
Brown, McLean & Emslie (1978) , and Milgrom (1978) have shown how it is possible to determine the inclination and orientation of some binary star orbits (from phase-locked variations in the linear polarization of starlight Thomson-scattered in the circumstellar envelope) together with information on the total mass and spatial distribution of the envelope. A number of binaries, including the black hole candidate CygX-1, have been subjected to preliminary analysis by the technique Brown ei #/. 1978) using data from the Oregon group (e.g. Kemp et al. 1976 Kemp et al. , 1979 in the form of smoothed folded phase variations in the Stokes parameters (Q, U). In practice the precision and realism of this diagnostic method is limited by the effects of noise in the polarimetric data and by the validity of the assumptions involved. Several factors contribute to the signal to noise ratio in the data viz., photon shot noise, instrumental errors, stochastic variations within the scattering envelope and the envelope geometry itself. have studied the effects of noise and shown that, with /. C Brown et al.
the currently available data, the model parameters in general, and the inclination in particular, are poorly determined when a strict statistical analysis is applied. This is contrary to the impression created by the small formal parameter errors quoted in previous analyses. Nevertheless, a relatively modest and practicable increase in polarimetric accuracy will in future permit much better parameter definition and testing of model assumptions . It is therefore appropriate to investigate theoretically the effect on the model predictions of relaxing the assumptions of the basic model. The basic, or canonical, model rests on three main assumptions (cf Brown et al 1978; Milgrom 1978 Milgrom , 1979 : that there is no absorption of light as it passes through the scattering region, or at least that such absorption is independent of binary phase; that there is no variable occultation of the scattering envelope by the stars; that the envelope corotates with the binary so that its density distribution is time independent in a uniformly rotating frame. In addition optically thin scattering is implicit throughout. Milgrom (1978 Milgrom ( , 1979 has discussed how variable absorption and occultation effects could modify the predictions of the canonical model. In this paper, we consider the effects of one particular form of non-corotation, viz. the case of an eccentric orbit. For simplicity we restrict ourselves to cases where the envelope is symmetric about the orbital plane. Then, when absorption and occultation effects are unimportant, the analysis of Brown et al (1978) predicts that the normalized Stokes parameters (ß, U) should vary (about their mean values) with the longitude A (= 27r x phase) of the binary pair according to 
where a T is the Thomson cross-section,^-is the fraction of the total starlight contributed by star /(fi +/2 = 1) and n{R¡, 0 ; -, 0y) is the envelope electron density distribution expressed in a system of spherical polar coordinates centred on star / and rotating with the binary. When the envelope corotates uniformly with the stars (in a circular orbit) t 3 and r 4 are A-independent and equations(1) show that Aß, AC/contain only second harmonic variations with the binary phase, and hence with time t (i.e. for circular orbits of period T, A = Int/T). Furthermore the locus in the (ß, U) plane is an ellipse of eccentricity sin 2 //(l +cos 2 0>
described twice per orbit. The effects of introducing orbital eccentricity are threefold: first, the changing stellar separation will result in variations in the coordinate systems arising in equations (2) so that the r's become geometrically A-dependent (even if n is fixed in some frame); second, non-uniform variation of A with time t will introduce extra harmonics into the time variations observed in (ß, C/); third the varying stellar separation will modify the envelope distribution n itself as seen from the origin at the light source and so result in the r's being physically A-dependent. Clearly in general these three factors will have a rather complicated effect on the time variations of (ß, U) which would have to be found by a computation incorporating a model of the physics governing the envelope distribution. The complexity will be particularly great when both stars contribute significantly to the scattered light.
We consider an idealized system in which light from the primary star dominates and where the scatterers are localized near the secondary. This description may resemble certain binaries where the light of a luminous primary is polarized by scattering on a localized envelope associated with an optically faint compact companion (cf polarimetric model of Cyg X-l proposed by Kemp et al (1979) or the peculiar Wolf-Rayet systems like HD 50896 described by McLean (1980) ). In Section 2 we analyse the purely geometric effects of an eccentric orbit in such a case (i.e. the first and second effects mentioned above) taking the scattering region to be unchanged physically throughout the eccentric orbit. Section 3 comprises a discussion of the possible influence of physical variations in the scattering region arising from the orbital eccentricity and application of the model to the data of Cygnus X-l.
2 Geometric effects of eccentric orbit on A<2, A Í/ We consider a secondary object in an orbit about the primary with semi-major axis a and eccentricity e. The instantaneous longitude of the secondary measured about the orbital axis, from the plane containing the axis and the Earth, is X and periastron occurs at X = X p (see Fig. 1 ). Around the secondary is an optically thin Thomson-scattering region, of extent small compared to a y which we idealize as a point scatterer containing TV electrons. Then the density distribution function about the primary in spherical polars with the jc-axis passing through the secondary is simply
where 5 is the Dirac-delta function and R(X) is the stellar separation at longitude X. From equations (2) and (3) it follows that 2 7*3 7 4 = 0,
where r* = 3 Oj ¡V/j'Iïïa 2 . (We note that many cases of non-point scatterers may be replaced by an equivalent point scatterer of this type (Brown et al. 1978) .) Noting that
1 + e cos (X -Xp)
Figure 1. Plan view of the eccentric orbit model. P is the point light source, S the scattering region, PH the perihelion of the orbit and ® the direction to the Earth. \ p is the longitude of the perihelion and \ the longitude of the scattering region both with respect to the Earth direction.
we obtain from equations (1) and (4) 
Equations (6) and (7) immediately show that the effect of non-zero e is to introduce extra harmonics into the phase variations of (Q, U) -namely the first, third and fourthwhere previously (e = 0) only second harmonics were present. (Note also that e = 0 reduces equations (6) and (7) to a special case of the symmetric canonical model, with one less parameter since we have restricted the azimuth of the scatterer to be that of the secondary so fixing X 2 = 0 in the Brown et al. notation.) However, even for very large e, the amplitude (e 2 /4) of the fourth harmonic (and also the correction to the constant term) is small compared to the others and we need consider here only first and third. The general effect of these can be seen by deriving the locus described in the (ß, U) plane during one orbit by eliminating X from the parametric equations (6) and (7). We have computed these loci (Fig. 2) , where the constant terms in equations (6) and (7) are dropped, for a range of values of the parameters {e, /, X p }). Since neither 7* nor / appears inside the square brackets of (6) and (7), we have for simplicity plotted these loci in terms of -Ag(X) (1 -e 2 ) 2 /7* versus -At/(X)(1 -e 2 ) 2 /27* for / = 70°. The effect of varying 7* is of course simply to change the scale of the figure, while the (1 -e 2 ) 2 factor does likewise by changing the binary size scale (periastron distance). The variation of the loci with / is simply a scaling of AC/ relative to AQ by the factor 2 cos//(l + cos 2 /), the Aß, AC/ loci being approximately circular (exactly so for e = 0) for / = 0, and rectilinear (for all e) at / = 90° . It is immediately clear from equations (6) and (7) (or their physical basis) that values of / greater than 90° simply lead to reflection of the (180°-/) locus in the ß axis. The general form of Fig. 2 is that of a double looped figure, one loop being always contained within the other. Remembering that we are dealing here only with an envelope symmetric about the orbital plane, it is at once clear by comparison with Figs (3)- (7) of Brown e/ al. (1977) that a case of non-zero eccentricity (with symmetric envelope) might be misinterpreted from its (ß, C/) locus as a corotating (e = 0) asymmetric envelope which can result in double looped loci like Fig. 2 .
Specifically, inspection of the relevant equations in the two cases shows that an eccentricity e of (say) 0.2 could be misinterpreted (on qualitative grounds or quantitatively in the presence of data noise) as an envelope asymmetry about the orbital plane of about 20 per cent since either of these introduces first harmonics in ß(X), £/(X) with amplitude about 0.2 of the dominant second harmonic amplitude. Nevertheless, the forms of locus possible from the eccentric orbit case are not identical to those for the asymmetric corotating (e= 0) case, specifically in the containment of one ß, t/, loop within the other, and the presence of a third harmonic, in the former case. Variation of X p merely rotates the loop intersection point around the locus. In order to examine adequately the possible diagnostics of the eccentric orbit case, however, we must consider its predictions (6) and (7) in terms of Fourier coefficients rather than of the morphology of Fig. 2 . In doing so it is more appropriate to express the equations as a Fourier series in time, rather than in phase (X), since it is the former in which observational data will usually be expressed.
Here we measure time t in angular units A = Int/T (where T is the orbital period) and A = 0 when X = 0 and we denote by A p the 'time' of periastron passage (X = X p ). Then X and /. C. AErovwî et al.
A are interrelated through the usual eccentric anomaly iT and Kepler's equation, viz. (8) and (9) for X(A) and substitution in equations (6) and (7) would yield the desired ß(A), £/(A) but in general this must be done numerically. Since, however, only cases of rather small e are of practical interest we consider here only the solution to order e, which is analytic. Solution of equations (8) and (9) for X(A, é) to order e and insertion into equations (6) and (7) with expansion to the same order yields the following Fourier time series expansion of Q, U (constant terms being again ignored): 3 Aß(A) = T* (1 + cos 2 0 £ {P; cos/ A + qj sin; A} , (12) 3 Application to orbital diagnostics and Cyg X-l data We note that it is straightforward to invert equations (12) to yield exact solutions for the four parameters (7*, e, i and X p ) from the 12 Fourier coefficients, together with eight constraint equations between them required by the model. In practice the presence of data noise makes it more relevant to consider errors and ambiguities in interpretation. First, we compare the coefficients (12) predicted by our eccentric orbit analysis with those for a general (asymmetric) canonical model envelope (i.e. the circular orbit case). These are, from Brown etal (1978) pi = 7! sin 2 i ; <7i := -7 2 sin 2/; P2 = -t 3 (1 +cos 2 0 ; q 2 = r 4 (l + cos 2 /) ; Pa = 0 ; <73 = 0; üi = 27 2 sin7, Vi = 2 71 sin 7*, ü 2 --27 4 cos7, V 2 = -27 3 COS7 , 7/3 = 0, u 3 = 0.
This shows that sufficiently good polarimetric data would in fact let us distinguish unambiguously between an interpretation in terms of an eccentric orbit and one invoking a corotating asymmetric envelope. In particular the non-zero third harmonic coefficients are characteristic of the eccentric orbit case. We recognize that higher harmonics such as the third can be interpreted in a corotating model by invoking further hypotheses such as variable occultation - (cf Milgrom 1978; Kemp et al 1979) . Even if the data are only used to determine the first two harmonic coefficients, such discrimination may still be possible. For example suppose we assumed we were dealing with a corotating asymmetric envelope and we derive i from a two harmonic fit to the ß, U data. Alternatively we might use an eccentric orbit model of the type described here. The i value derived from the second harmonic coefficients on an eccentric orbit hypothesis will agree with that from the corotating analysis but the i value obtained from the first harmonics will disagree in the two cases (because the constraints on the first harmonic coefficients are different). In fact if the system were actually a corotating one of inclination / 0 and we tried to derive an inclination value / e from the first harmonics on the basis of an eccentric orbit hypothesis we would obtain 2cos/ e (wî + uï) permit distinction between the models. In practice, substantial noise in the ß, U data may prevent such distinction and the best we can do is to find acceptable ranges of parameters within any chosen model. This is achieved by means of a x 2 fitting procedure (Aspin 1981) with constraints to yield the optimum and acceptable range (confidence interval) of values for each parameter. The procedure here is essentially as described in Simmons ei #/. (1980) for the canonical model except that we have fewer parameters and more constraints. We have developed a computer program (Aspin 1981 ) based on these optimization equations and applied it to data (Kemp 1980) on Cygnus X-1, in an attempt to obtain an improved fit over the symmetric (e = 0) canonical model fit. Radial velocity observations give e = 0.06 ± 0.1, \ p = 330° ± 10° (Bolton 1975) .
By using the x 2 statistic (cf Aspin 1981 ; Simmons et al. 1980) we estimate the goodness of fit of the model and data, at an appropriate level of significance. We first adopted e and Xp from Bolton (1975) and found a best fit to the data of / opt =61° but with x 2 -275 (with Obin = 0.341 per cent cf Simmons et al (1980) for a discussion of the errors) which is well above the 25 per cent significance levels (with 80 degrees of freedom). This means that the model is unacceptable for this e and X p so must be rejected. An overall (but very flat) minimum x 2 value is found at c opt = 0.14; Xp )0p t = 140° and / opt = 53° but at x 2 = 259 which is unacceptably high also. Future improvement in the data can only make the fit still worse. It should be noted that the e = 0 case is unacceptable for any /, X p while the symmetric canonical model is acceptable for a wide range of i . The reason is that, as noted earlier, the former model involves one less free parameter than the latter.
It remains to be seen whether the eccentric model will improve on the general canonical model fit for any of the other data available on other systems.
Finally (cf Section 1) we emphasize that in the present analysis we have neglected any physical effect of orbital eccentricity on the scattering region. Little work has been done on the effect of eccentricity on accretion rates in close binaries, partly on the grounds that eccentricities in such systems are small. However, high e values and their effect on mass transfer have been invoked in interpreting some systems (Haynes, Lerche & Wright 1980) and it is in any case not clear that even a very small eccentricity cannot have an important effect on the transfer of mass (Bailey 1971 (Bailey ,1972 . On the other hand the typical mass of an accretion disc is much greater than the mass transfer per orbital period, suggesting that even large modulations of the latter (due to eccentricity) cannot affect the scattered light from the disc significantly unless only a small part of the disc contributes to the scattered light (c/ Kemp 1980) . This topic will be the subject of a future investigation. Should the physical effects of eccentricity on the scattering region prove important, some of our present conclusions may have to be revised.
